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We study the rate of uniform approximation to continuous functions f{x, v), 2n-
periodic in each variable, in Lipschitz classes Lip(z, ) and in Zygmund classes
Z(a, f), 0<a, f< 1, by Cesaro means ¢}’ (/) of positive orders of the rectangular
partial sums of double Fourier series. The rate of uniform approximation to the
conjugate functions 7%, 7% and 7 by the corresponding Cesaro means is also
discussed in detail. The difference between the classes Lip(a, §) and Z(«, ), similar
to the one-dimensional case, appears again when max(a, f)=1. (Compare
Theorems 2 and 3 with Theorems 4 and 5.) One surprising result is the following:
The uniform approximation rate by ¢;% (749 to 719 is worse in general than that
by &:2 (F41) to 'V for feLip(1, 1). In fact, the appearance of an extra factor
[log(n +2)]? in the former case is unavoidable (see Theorem 6). All approximation
rates we obtain, with one exception, are shown to be exact. Two conjectures are
also included. 1987 Academic Press, Inc.

1. INTRODUCTION: CONJUGATE SERIES AND FUNCTIONS

Let f(x, y) be a complex valued function, 2zn-periodic in each variable
and integrable over the two-dimensional torus —n <x, y <=, in symbols
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fel,, .- We remind the reader that the double Fourier series of f is
defined by

S[f1= z Z eI, (1.1)
j=—w k=—w
where
Cu=cplf)= 21 L,,L,,fu v) e TR dy dy (1.2)
(J,k=.., —1,0, 1,.). The definitions of the three conjugate series are
§UOrf1= Z Z (—isign j) c eV TR (1.3)
j= - k=—co

(conjugate with respect to x),

SO = Z Z (—isignk)cyeV (1.4)

j=— o k=—x

(conjugate with respect to y), and
SEhrf1= Y Y (—isign j)(—isign kY cp ek (1.5)
j=—00 k= —o0

(conjugate with respect to x and y). An interrelation among the series (1.1)
and (1.3)-(1.5) is expressed by

SLA1+iSHLf1+i8VLf1+75 [ f)

=cop+2 Z coz’ +2 Z cow* +4 Z Z cpzwh,
i=1 k=1 j=lk=1
where

z=e and w=e".

The corresponding conjugate functions are
(1.0} I 1 1
700 )= =~ [ U+, v)— fx—u »)]5cotsudu,  (16)
TJo 2 2

JOVx, )= —% jo" [f(x, y+0)—f(x, y—v)]%cot%vdv, (1.7)
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and

0y = [ L b o) Sy

==,
—flx+u y—v)+flx—u v—u)]
xcotduicotsvdud. (1.8)

In (1.6)-(1.8) the integrals are taken in the “principal value” sense at the
point u=0, v=0, and u=v=0, respectively. It follows from the
corresponding one-dimensional result that if fe L, »,, then f"* and 7!
exist a.e. Zygmund [10] proved that if fe L log* L,, ,,,, then /" also
exists a.e.

Sometimes we shall write 7")(x, y)= (£, x, »), etc., indicating the
original function whose conjugate is taken.

Let f(x, y) be a continuous function, 2n-periodic in each variable, in
symbols fe C,,, ,,. The (partial) moduli of continuity of f are defined for
620 by

wr(ﬁ 5) :wl,x(f’ 5) = Sup max |f(x +u, .V) _f(x, .}‘)i

lut <3 x.»

and
o ,(f, 6)=w, ,(f, d)= sup max |f(x, y+v)—f(x, y).

lel €6 x.»
Obviously, both w (f, d) and w (f, §) are nondecreasing functions.
We recall that the Lipschitz class Lip(a, ), 0 <a, f <1, is defined to be

Lip(a, B) = {f € Carxan: 0. f, 0) = C(5)
and o,/ 0)=C(")}.

Cesari [1] proved that if feLip(a, a), O<a<1, then the conjugate
function £ is in Lip(a’, o’) for each a’, 0 <a' <«, but need not be in
Lip(x, ). An analogous statement for 7* and 7" was proved by
Zhak [8].

The (partial) moduli of smoothness of a function fe C,, . are defined
for 620 by

@y (/. 8)= sup max | f(x+u, y)+f(x—u y)=2f(x, »)

lul <o x,»

and
w, (f, 8)= sup max |f(x, y +v)+f(x, y —v)—2f(x, ).

] <86 x.»p

Clearly, both w, (f, é) and w, .(f, §) are nondecreasing functions; further-
more,

0 ([, 0)<20(f,0) and  w, ([, 0)<20(f, d). (L.9)
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We note that the Zygmund class Z(«, f) (sometimes denoted by H*#),
0<0, f<2, is defined to be
Z(%, B)={ [ € Canrrn: 02 (f, 6) = O(5%) and w, (1, )= C(5")}.

It follows from (1.9) that, for O<a, S<1, Lip(a, f)< Z(a, ), while
extending the familiar argument (see, e.g., [ 11, p. 44]) from the one-dimen-
sional case to the two-dimensional case, it i1s easy to see that, for
0<ua, <1, actually Lip(x, )= Z(a, B), and, for 0<a < =1,

Z(a, 1)={f€Corr: ([, 8)=0(5") and w, ([, 5)=0(3)}.

[t is important to observe that if feZ(a, ), 0<a, f<2, then the
integrals in (1.6)—(1.8) exist in the (absolute) Lebesgue sense and thus by
Fubini’s theorem

]u_n(ﬁ X, y):]u.m(j‘(o.n’ X, },)27(0,1)(](1,0)’ X, ). (1.10)

2. APPROXIMATION BY DOUBLE FOURIER SERIES

We associate with the double Fourier series (1.1) the symmetric rec-
tangular partial sums

Syl f X, V) = Z Z U (i p=0,1,.).  (21)

j= -mk=—n

For y, 6 > —1, the Cesaro means a7’ (f, x, y) of orders y and 8, or shortly,
the (C, y, 6)-means of series (1.1) are defined by

o (1, y)—A 53 Y A A s )

nj=0k=0

(mn=0,1,.), (2.2)

where

47

I
m

_<v+m>_(v+1)(v+2)"'(v+rn)
\m ) m!

for m=1,2,.. and 43=1. (See, e.g., [11, p. 77].)
It follows from (1.2) that

2 (f %, v)= j T Ay Ky Ko dudo, (23)

640:494-4
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where K7 (1) and KS(v) are the Fejér kernels in terms of u and v, respec-
tively:

m

In = Z AHZ - ]/ ll (2'4)

m/ O
Here
l i
Dj(u)=—2—+ Z COS pu
=1

is the Dirichlet kernel. The following representation is an easy consequence
of (2.3),

j " b olu, 0) Kiy(u) Kov) du do,  (25)

0

] . N 1 n
T ) —f e )= |
¥}

b4

where
ol v)=fx+u y+o)+flx—u y+o)+flx+u y—r)
+f(x—u, v—0v)—4f(x, y).
This representation plays a crucial role in the sequel due to the estimate
(o1, 0) <2005, (s W)+ 20, ,(fiv) (4, 030),

For fe Cs, 5., let E,.(f) denote the best uniform approximation to f
by double trigonometric polynomials T,,,(x, ») of degree <m with respect
to x and of degree <n with respect to 1.

Enm(f‘) = 17nf H.f(xv )") - Tmn( X, } )H

mn

we use ||| to denote the usual maximum norm in C,, ., L€,
Hf \ ‘ nm( X, ‘)H = max 1.f(x9 ,"‘) - T/nn(\ y )'
XLy

Analogous to the one-dimensional case, if fe Z(z, ), 0<a, <1, then

E}ll’1(<f ) = (( <(m+ 1)1+ (n + 1)/i>.

This is an immediate consequence of

PROPOSITION.  If [ € C,, 0., then

o 1
Emn(.f) = (U)l\‘ </’ m) + U)g_»l» <f’ n—+ 1))
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We are unable to find a reference to this proposition. Without entering
into the details, we note that our proof closely follows that of the
corresponding one-dimensional resulit.

The following theorem characterizes the rate of approximation to
functions f'in Z(a, ) by (C, y, 6)-means of their Fourier series. The picture
obtained is similar to the one-dimensional case. That is, as far as the order
of magnitude is concerned, the approximation rate by ¢ (f, x, y) is the
same as that given by E, (/) is the case max(a, ) <1, wh11e it gets worse
by a factor “log” in the case max(a, f) = 1.

THEOREM 1. If feE(a, B), O<a, B<1 andy, 0 >0, then

Tl )= lloin(fs %, ¥) = f(x, Pl

! I .
=@<(m+l)°‘+(n+l)”> ¥ 0<ap<l,

_ 1 log(n + 2) . _
_@((m+1)“+ o) ) if O<a<f=1,

_ (log(m+2)+10g(n+2)> if a=f=1. (2.6)

m+1 n+1

This result for y >« and &> f was proved in [4]. We emphasize that,
according to (2.6), the rate of approximation does not depend on y or 6.

The rate of approximation in each case of (2.6) is exact. This follows
easily from the one-dimensional counterexamples (see, e.g., [11, p. 123]).
Indeed, it suffices to take into account that if f(x, y)=g(x)+ A(y) with
gelipa and heLip B, 0<a, f <1, then f € Lip(a, f) and

Tl Sy x, )= 07(8, x) + a5k, y).

3. APPROXIMATION BY DOUBLE CONJUGATE SERIES

The symmetric rectangular partial sums 510X £, x, y), §*V(f, x, y), and
§UD(f x, y); the Cesaro means ‘" 0’af,fn(f x, ¥), Vg7 (f x,y), and
(D378 (f x, y) of orders y and ¢ for the double conjugate series (1.3)}(1.5)
are defined analogously to (2.1) and (2.2). For instance,

m

S (fix, y)= ¥ Z (—isign j) cu(f) Vs H

j=—mk=—-n

640/49/4-4*
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and
"
1.0 1 Sl SIS s
( )’7;1’(f A 1 4 40 Z Z Am /AO /1\3;'/‘0'(;;)(, })
mn =0 k=0
(m, n=0,1,.).

The key fact is that if fe Z(a, f) with a, >0, then the integral in (1.6)
exists in the (absolute) Lebesgue sense and by Fubini’s theorem S O[ £7 is
the double Fourier series of /"), and consequently

s:?IIIIO)( / \ ‘ ) )HH( 7' 1‘0]’ ‘\j7 ,1")
and

(1())~ o f X, 1)*0’,””(f“‘0), X, '1,,).

lml

From now on, we shall use the notations indicated in the right-hand sides
of these equalities. Similar observations pertain to §“""[ /] and §""[ 1.

The following two theorems characterize the rate of approximation to
the conjugate functions f"'” and f!" by the (C,7,d)-means of the
corresponding conjugate series for functions f e Z(x, f). We will not deal
with 7% separately. All theorems on 7" can be reformulated for /*!" by
taking their symmetric counterparts.

Different from the one-dimensional case, the approximation rate both by
a2 (1 to 719 and by 677 (F"") to £ is always worse at least by a
factor “log” than the one that occurs in E,,(f). More precisely, the
approximation rate by 2 (7)) to 79 contains an extra factor
log(m+2) only if a=1, but it does contain an extra factor log(n+2) if
B <1 and even an extra factor [log(n +2)]* if f=1. On the other hand,
the approximation rate by o7 (7""") to 7“ D symmetrically contains an
extra “log” factor in both m and » 1f max(a«, f) < 1, and an extra “log®”
factor in both m and nif a=p=1.

THEOREM 2. If fe Z(a, B), O<a, f<1, and y, 6 >0, then

T 70 = 1o 7w ) =T )

1 log(n+ 2) .
"y 1
6<m+1)+(n+0”> yo<af<l,

ifo<f<a=l,

log(m + 2) log(n + 2))
m+ 1 m+1W

A ) T

log(m+2) [log(n+2)]?
m+1 n+1

¢
< [10g(n+2)]> if0<a<f=1,
o

) fa=f=1 (3.1)
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THEOREM 3. [f feZ(a, ), O0<a, B, and v, 6> 0, then

TR (U =62 (F, x, ) =, )

. log(m+2) log(n+2) ]

_((,( M1 (n+l)"> if O<a, f<1,
. (log(m+2)  [log(n+2)]° » 3

_(r,< TENTE + —— > if O<a<f=1,

y 2 2
_0 <(log’(:1_|-+l2)] N [logr(’n++]2)] > ifoa=f=1 (32)

Theorems 2 and 3 were proved in [5] for the cases «>v and f>9.
Again the rate of approximation does not depend on y or d.

Both Theorems 2 and 3 can be improved for functions fe Lip(a, f3),
0<a, B<1, in the cases where x=1 and max(«, f)=1, respectively. The
approximation rate by ¢7% (7'} to 7% drops the factor log(m + 2) for
o =1, but the factor log(n + 2) does remain for f < 1, and, surprisingly, the
factor [log(n+2)]* is unavoidable for f=1. On the other hand, the
approximation rate by % (f"") to f"" contains only “log” factors in
both m and » for all x and f3, independently of whether «, f <1 or =1.

THEOREM 4. [If feLip(x, f), O<a, f<1 and y, >0, then

s ) | log(n +2) .
I ;/71)n(]‘1‘0)):((' ((m+ 1)0(+ (n+ 1)" > J 0<ﬁ< 1’

s (( 1 + [log(n+2)]°

m+ 1) n+l > iy h=1 (3:3)

THEOREM 5. [If feLip(a, ), O<a, B<1 and y, 6> 0, then

T (T — 0 <10g(m +2) log(n+ 2)>'

(m+1)* (n+1)* (34)

The rate of approximation in Theorems 4 and 5 is exact. This is shown
by the next two theorems.

THEOREM 6. There exist functions f = f,5€ Lip(a, f), 0<a, B<1, such
that for any y, 6 > 0 neither of the estimates
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TP (FrOy =, <m> + C(A(n)) if 0<a<l,
) log(n+2) »
:cc(/.(m))+o<(—§—:—1—)ﬁ—> Fo<p<l,
. [(log(n +2)]3) .
—0(i(m))+o<———n+1 ) if =1, (3.5)

can hold.

Here and in the sequel, by {i(m):m=0, 1,..} we denote an arbitrary
nonincreasing sequence of positive numbers tending to 0.

THEOREM 7. There exist functions f = f, € Lip(a, 1), 0 <a < 1, such that
for any y, 8 >0 the estimate

log(m + 2)

g (LY —
‘/mn(] )_0<(m+])1

>+ ¢(A(n)) (3.6)

cannot hold.

From Theorems 6 and 7 it follows immediately that estimates (3.1)(i)
and (3.1)(iii) in Theorem 2 as well as estimate (3.2)(i) and the first part of
(3.2)(i1) are exact.

Finally, we show that estimates (3.1)(ii) and (3.1)(iv) are also exact; that
is, Theorem 2 is best possible.

THEOREM 8. There exists a function f € Z(1, 1} such that for any y, >0
the estimate

log(m + 2)

F;;’;,(]‘“”’):o( —

>+6~(/l(n)) (3.7)

cannot hold.
The only estimate whose exactness we are unable to prove is (3.2)(iii).

Conjecture 1. There exists a function fe Z(1, 1) such that for any 7,
0> 0 the estimate

[log(m+2)]°

g7 (U =
T = o (LB

)+ O(A(n))

cannot hold.
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4. AUXILIARY RESULTS

Let g(x) be a 2n-periodic continuous function of a single variable, in
symbols ge C,,. We shall use the following notations:

&(x): the conjugate function to g(x),

oi{g, x): the mth (C, y)-mean of the partial sums of the Fourier series
of g,

E,.(g): the best approximation to g by trigonometric polynomials of
degree <m,

w(g, 0)=w,(g, §): the modulus of continuity of g,
w,( g, 0): the modulus of smoothness of g.

In the sequel, we need several well-known results from the
approximation theory of periodic continuous functions in one variable. For
the sake of convenience, we list them as follows:

(a) Generalized Privalov’s theorem (see, e.g., [7, pp. 162-163, 3911]).
If

j"“’(%”)dr:mw(g,a)) as &— 40,
(6]

then
(g, 0) = 0(w(g, 9)).
In particular, if
w(g, 3)=0(8"), O<a<l,
then
w(g, 6)=0(5%) if 0<a<l,
=((5log3) if =1

All these statements remain valid if “o” is substituted for “¢” both in the
conditions and in the conclusions.

(b) Zygmund’s theorem [9]. If

1
w,(g,0)=0 (5“10g85> O<a<2, 20,

then

1
w(£.8)=0 <5d log" 5).
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(¢) Relation between the moduli of continuity and of smoothness
(see, e.g., [7, p-107]). If

w,(g, 0)=((6"), O<a<l,

then
w(g, )= (5%) if O<a<l,

1
= <5log5> if a=1

(d) Alexits’ theorem (see, e.g., [11, p. 123]). ge Lip 1 if and only if

1
foh(g x)—glx)l=C (m n 1>.

where ||| i1s the usual “max” norm in C,,.
{e) For the Fejér kernel K: (u) (see (2.4)) we have
1= , .
— 7 Ky du=1 if o>
Y bid
and

[ |Ki ()| du=C(1) if 7>0;

(see, e.g., [ 11, p. 941).
(1) Jackson’s theorem (see, e.g., {7, p. 260]).

1
E (g)=0C <CU2 <g, m—+_l>>

(g) Stechkin's inequalities [6; 7, p. 3317].

] ] n
s = C(‘ i/
w<g m+1> <m+1,§, E’(g)>

and

1 1 moo
W, <g’m—+—T>ZC (m Y U+ I)E,-(g)>-

j=0
(h) Continuity of ¢ (see, e.g.,, [7, p. 319]). If

s EO_

J

i=1
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then ge C,, and

. .
Em(g)=co(Em<g)+ 5 ﬁ)

j=m+1 J

Now we present a number of lemmas. The first of them is known in the
literature, while the others are new.

LemMMa 1. If ge C,, and y >0, then

du

o8 x)—g(x)zm

1
sefofezts)

with “C” independent of m, x, and g.
(4 ) :

>

y Ji g(x+u)+glx—u)—2g(x)
) Lim+1) u

This estimate was proved by Efimov [2] for y=1 and by Guo [3] for
v > 0.

The following lemma expresses an important consequence of Lemma 1
often used in the sequel. In particular, it is used to prove Theorems 4
and 5.

LEmMMA 2. If geLip 1, then

: du=C(1). (4.2)

Liim+1) u-

F glx+u)+8&(x—u)—28(x)

Remark. In (4.2) we can equally well take the integral ﬁ/ww ,, instead
of {7+ 1, because of the absolute convergence of |7 (g(x +u) + g(x —u) —
28(x))u % du.

Proof of Lemma 2. Applying (4.1) for g and y=1 yields

ag

. S 1 ff Glx+u)+g(x—u)—28(x)
(8 X =B = l)flw ) i du

P
1
+0 (wz (g, m)) (4.3)

Clearly geLip | implies w,(g, d)=((J) and, by Zygmund’s theorem,
w,(g, 8) = O(d). Consequently,

o 1




358 MORICZ AND SHI

On the other hand, by Alexits’ theorem

1 {5 & — ]
o) (8 x)— #(x)] = ¢ (m+1>. (45)

Combining (4.3)-(4.5) provides (4.2).
The next lemma is a natural extension of Lemma 1 to functions in two

variables and will be the main tool in the proofs of Theorems 1-5.

LemMma 3. If feCyprny and y, 0 >0, then
oS X, ) = flx, y)
B[
i m4+ D)+ D) Dy ndymenut v
X {[flx+u, y+v)+fx—u, y+v)=2f(x, y+v)]
+[f(x+u,y—v)+ flx—u, y—0v)—2f(x, y —0)]
=20 (x+u, y)+f(x—u, )= 2f(x, ¥)]1}

1_[f Sl ) ) Y )
+ R
am+ 1) dons u

0 ’ f‘(x, Y + U) +.f(X, Y- U) - 2]'()(’ }') de
n(n+])"l,(n+l) lﬂ’z

| 1
+ ¢ (wz,v (.f; m) +w, (f; n—+1>> (4.6)

with “C” independent of m, n, x, v, and f.

du

Before sketching the proof of this lemma, we introduce two notations we
use frequently later on. Given a function f(x, v) we can consider f as a
function of x for each fixed y, as well as a function of y for each fixed x
denoted, respectively, by

gx)=flx,y) and A y)=flx, p).

Obviously, if fe Cy, , 2., then g, € C,, for every y and

g,(x) =T, p);

furthermore, . e C,, for every x and

hdy)y=T""x, p).
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Proof of Lemma 3. We use representation (2.5) and the corresponding
one-dimensional representation

s V) =25 = [ Lg,05-+ ) +.,(6— ) = 26,06)] K u)

1 T
=;L [f(x+u, p)+ f(x—u, y) = 2f(x, »)] K, (u) du.

On the basis of these representations we can deduce the recurrent relation
0321(f’ X, )’) #_Af(x? y) = [Ji(a;"n(gy’ x) - gy(x)5 Y) - (O-z)n(gy’ x) - gv(x))]
+ [0,(8:> x) —g,(x) 1+ [on(hy, y) —h(p)].(47)

Now, (4.6) is a consequence of (4.7) and of the repeated application of
(4.1). We do not go into further details.

The following lemma will be useful in the proofs of Theorems 6 and 7.

LEmMMA 4. If fe€C,, 0, and v, 6 >0, then for every fixed m,

lim [a}0(f, x, y)—ai,(g,, x)| =0 (4.8)

H— L
and for every fixed n,

lim [o7,(f; %, ¥) = 03k, ¥)| =0, (49)

Proof. We will prove only (4.8). Using representation (2.3) and the
corresponding one-dimensional representation

1 pm
o,(g,,x)= - J g (x+u) K] (u)du

Z‘IEJ." r S(x+u, y) K2 (u) Ki(v) du dv,

L T
we get

mn(fx y)—O' (gw )

- z,,(u){ [

1= i
—— [ K o3k, ) = b )]
T

-n

[f(x+u y+o)y—flx+u,y)] Kf,(v)du} du

n
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whence, by (e),

loio(fox, ¥) =0 (g, x)

pr
g_
T g

|KG, ()l - o (h

m

,1.)A_ h\ +u H ‘lll

Xt ur
=C¢(D|e2h,, vI—h )] =0o(1) as n - o,

which is (4.8) to be proved. Here the estimate o(1) is the well-known
Fejér—Riesz theorem (sce, e.g., [11, pp. 94-95]) while, taking into account
that fe C,, ,», is uniformly continuous in x and y, it follows that o(1) does
not depend on x and y but merely on 6. Similarly, ¢'(1) depends only on .

If f e Lip(a, f), 0 <a, f< 1, then the conjugate functions /"', /%! and
7Y need not belong to the same Lip(a, f) (see [1, 8] for the case where
a=f}), but they are in a function class close to it as Lemma 5 shows.

LemMa 5. If feLip(a, f). 0 <o, < 1. then

o (fU0, 8) = ((6%) if 0<x<l,

(o ) if a=1; (4.10)
0 (10, 8)= (ng ) (4.11)
o (fO, 9)=C (O“log ) if 0<a<l,

1
cefoul) wam

The corresponding estimates for o (7", 8), o, (Ff°', ), and
w (f), 8) are the symmetric counterparts of (4.11), (4.10), and (4.12),
respectively.

1t follows from the corresponding one-dimensional counterexamples that
estimate (4.10) is exact, and it follows from Lemma 7 below that estimates
(4.11) and {4.12)(i) are also exact. The only estimate whose exactness we
are unable to prove is (4.12)(ii).

Conjecture 2. There exists a function /'€ Lip(1,1) such that the estimate

w (FOY, 5)=0<5log2 %) (6 > +0)

cannot hold.
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Proof of Lemma 5. Estimate (4.10) can be obtained via Privalov’s
theorem applied to g .(x)=f(x, y).

In order to prove (4.11), let v >0 and choose ¢ such that ex = fi. Splitting
both integrals into two parts gives

FOOx, y+0) =T, p)

1 e X 1 |
:——J [f(x+u y+o)—f(x—u, y+v)]=cot-udu
Ty 2 2

1 vt 1 1
+;j0 [f(x+u, y)_-f(x_u, y)] §COt§udu

e 1o
——j [fx+ 1, y+0)=flx+u )] 5 cotudn
T Je 2

+lr [fx—u y+0)—f(x—u, y)]lcotludu, (4.13)
T J 2 2

whence
1709, p+0)— 0%, p)|

2, 2 )
B 0 u TC Yy u

du

T

1 1
=)+ 0 <v” log ;) = <Uﬂ log ;)-

This results in (4.11).
Now we turn to the proof of (4.12). The crucial relation is (1.10). Let
u >0 and choose y such that #f = «. Similar to (4.13),

.7“‘”()(_" u, ,V)‘j‘“‘“(x’ },)
1

r 1 1
= ‘—f [F'O 4w, y+0)—F"Nx+u, y—v)]=cot=vdv
Yo 2 2

1

n 1 1
+-J (7%, y+0)—F2x, y—v)]=cot=vdv
N 2 2

1 pu" 1 1
= ——J [799x+u, y+0v)—FI%4+u, y—v)]=cot=vdv
T 2 2

[ " 1 1

+—f [FY%, y+0) =90, y—v)] = cot= v dv
mTYo 2 2
1 m 1.0 1,0 ! 1

—=| [ 4u, y+0)—fOOx, y+v)]=cot=vdy
Tdm 2 2

1 ¢ 1 1
+;J [FOx 4,y —v) — FO(x, y—v)]zcotivdv. (4.14)
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Hence for 0 <a < 1, by (4.10) and (4.11),

T+, ) =T, )
2 wl (0 \B 1 rr (G 1>
_2[rrlog) 2 0)

/e

1 1 1
=0 (u“ log ~> + (u“ log —) = (u“ log —>,
u u u
while for a =1,

IO +u, y)—F O (x, p)

Wt (O P 1 2 i
2J O(v” log l-)dH_j O(ulog ;)
T ull v

0 v n
. 1 ‘ , 1 51
=0 u"log— )+ Clulog"—)=0[ulog -},
u u u

The moduli of smoothness of the conjugate functions f'®, 7V and
71 exhibit a nicer behavior than the corresponding moduli of continuity,
in accordance with the one-dimensional experience.

dv

0 v T U

dv

proving (4.12).

Lemma 6. If feZ(a, p) and 0 <, B <2, then

w, (f1,8)=0(6%), (4.15)
1

w, ([0, 0) =0 (5/* log 5>, (4.16)
1

oy (1, 0) =€ (51 log 5) (4.17)

We note that the corresponding estimates for w, (f'*"), 8), w, (f*", )
and w, (f*", §) are the symmetric counterparts of (4.16), (4.15), and
(4.17), respectively.

Proof of Lemma 6. First, we prove that if
(1)2,,\‘(]; 6):((7(51)7 0<0(<2,
then (4.15) holds. This is a consequence of Privalov’s theorem if 0 <x < |

and of Zygmund’s theorem if x = 1. In the general case 0 < x < 2, we apply
(), (h), and (f) to £,(x)=7""(x, ) in order to obtain
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. 1
wz,x<gy, m_+_1> ( m+ 1)2 Z J+1 ))

1 n
=co{(m+1 $ 2 U E(s)

)ZZ(J‘+1) i gV}

m+1 k=j+1

1
=0 ————1|.
((m + 1)“)
This proves (4.15).

Second, we prove (4.16). Let v> 0 and choose ¢ such that ¢ min{e, 1) =f.
Similar to (4.13),

FOOx, y+0)+ 7%, y—v)—2710x, )
=——f [f(x+u y+v)—flx—u, y+v)];cot—;-udu
L y 0 = fx—w y—0)] 2ot sud
2, et y—v (x—u, y v)]5 cot 5 u du
2 1 1
+2 [ [t 3)=flr = p)] 5 ot 5 ud

L I
_;L [fx+u y+v)+f(x+u y—-v)—2f(x+u, 'V)]Ecmfudu

+%£n [f(x—u, y+0)+f(x—u, y—-v)—2f(x—u, y)]%cot%udu,

(4.18)
whence
700, y+0) + T x, y— )~ 2790 x, y)|
Srdendhul,, 21 Oenlh o), (4.19)
T Jo u % u
By (c),

[ Yonlfm),
0

u
=0v*™) = O@*) f O<a<l,

1 1
=0 (vﬁ log ;) =0 (v/’ log E) if 1<a<2. (4.20)
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Clearly,
rr (0w, ~ : 1 l\
. Mt{u:(( <l“/) log“). {42])
Sy u v,

Combining (4.19)-(4.21) yields (4.16).

Third, we prove (4.17). Let ©>0 and fix f such that 0 < <min(f, [).
Then choose # such that vfi=a. Using representation (1.10) and arguing
similarly to (4.14) and (4.18) results in

I_?ll.l)(-\"*' u, }f’)"‘.?‘l"l’(»\‘* u, },)_ 27‘[1_!) ’\AQ ‘,)l
4 e oy (T, 0)) o 2o 7'“”

o v Ty

dl.

By (4.16) and the choice of j,

()2 \'(.7‘1.(),3 U) = (('(l’ﬁ)a
whence by (c),
W, 7110) N —Cf l, )

Now, we can complete the proof of (4.17) in the same manner as above in
the case of the proof of (4.16).

We use Lemmas 5 and 6 in the proofs of Theorems 2-5. The next lemma
is of basic importance in proving Theorems 6 and 7. To prove Theorem 8
we provide a direct counterexample.

LEMMA 7. Let 0,(0) and w,(3) be two moduli of continuity; w, is strictly
increasing at a certain right-hand neighborhood of 6 =0. Define

~

Xp=w, (0,2 ) (k= k), (4.22)

where w, ! denotes the inverse function of w, at a right-hand neighborhood of
0=0. Assume that x; <1 and

X SO x4y (k= ko), (4.23)
with a constant C,| and an integer k.
Then there exists a function f € C,, », such that
o, (f, 3)=0(w,(d)), (4.24)
wy,(f; 0) = C(wy(0)), (4.25)
and

1
W (J 275 2 Coop(27F ) log—  (kzky),  (426)

X

with a constant C,> 0.
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It is clear that if
w,(8)=0* and w,(8)=6", O<a p<I,

then x, is defined for every k=0, 1,... and condition (4.23) is satisfied (but
it may happen that x, > 1 for finitely many values of k). In this particular
case, by (4.24)-(4.26) there exists a function f e Lip(a, ) such that

Wy (T 27K )2 Cik+1)2 (k=0 1,.)

with another constant C, > 0. We state this corollary in the form of

LEMMA 8. There exist functions = fyeLip(l, ), 0<B <1, such that
the estimate

Wy (J 8)=0 <5” log %) (4.27)

cannot hold.

The symmetric counterpart of Lemma 8 says that there exist {possibly
other) functions / = f, € Lip(x, 1), 0 <a < 1, such that the estimate

0y (70N, 8) =0 <51 log %) (4.28)

cannot hold.
According to (4.27) and (4.28), estimates (4.11) and (4.12)(i) as well as
(4.16) and (4.17) are the best possible.

Proof of Lemma 7. Without loss of generality, we may assume that
w, (0} is strictly increasing for every ¢ >0, that x,<1, and that x, is a
strictly decreasing sequence for k=0, 1,....

Define fe€ C,, 5, as

flx, y)=0 if —z<x<n, —n<y<0,ori<y<nor
2R 2RIy g2 R 2Ry
=0 if —n<x< ~x,, yp=2"%
X+ X .
=wy(27F )% if —x,<x<0, p=27%
X
=w,(27%7?) il 0<x<n—x,, y=27%
T—x .
=w,27F ) —= if m—x,<x<m, y=27%

X
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where k=0, 1,... in each case; and f(x, y) is defined by means of a linear
interpolation for each x, —n < x <, and for each of the intervals

27522 FT2gyg27F and 27F<p<<2 R 4278 P k=0, 1)
First, we will check (4.24). To this effect, let —n<x, y<7 and u>0 be

given and we estimate |f{(x+u, y)—f(x, y)]. We may assume that
0< y<3and u < Xxg; In particular,

2772 2gy<2 142 12 (4.29)
and

X1 Su<xg

with some k, /=0, 1,....
If k </, then the “worst” case occurs where y =2 %

[fx+u, y)—f(x, p)l
w27 = w; (w2747 %)) = w,(x,)

L (Ci x4 4 ) S o(Cru) = O(w(u)).

If k >, then the “worst” case occurs where y=2"".

f(x+u, y)=F(x, v
7

73 U
< w,(2 /72)_:_wl(wr1(0)2(27/72))):_%(){1)
X, X X,

<X [i’+ 1] 1) = O, ().

u

Second, we verify (4.25). To this end, we estimate | f(x, y +v)—f(x, y)I,
where —n<x, y<7 and v>0 are given. We may assume that 0 < y <3
and v < §, in particular,

27K 3gu<2h? (4.30)

with some k=0, 1,....
If y<2 %+27*77 then clearly

LA(x, y40)—f(x, ) Swa(27F72) < 20,(v).
If (4.29) is the case with / <k, then by (4.30),
|f(x, y+0)—f(x, ¥l

<w2(2~l —2) 2/+20<(02(2—/—r 2) 2/ k :2{—kw2(2k(12Ak¥2)

S w27 77) < 2w,(v).
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Third, we will show (4.26). Let x =0,
we=2"K—2 %2 4, =2"% and z,=2 4275 2 (k=0,1,.).
By definition,
S, we)=f(u,z,)=0 for every u,
consequently,
T (0, w, ) =710, 2,) =0,
On the other hand,

1 r7 . l 1
7(1,0)(03 V)= __f [flu, vi)—f(—u, y;,}]=cot=udu
Yo 2 2
AV 1
= ——| w2 * 2)l—cot—udu
o X, 2

1 Fi S 1 1
*-J ‘(1),(2* Yocot—udu

Ty, - 2 2
] n — 1 1
_;L . w52 * 2)n)(kvzcotgua’u,
whence
1
700501 o2 * ) log =), (431)
Xg

with a constant C,>0. Now, (4.20) follows from (4.31) and the trivial
estimate

@y, (FH 2 ) = [ FHO0, w) #7100, 2) = 27100, )
=270, y4)l.

5. THE SATURATION PROBLEM

It is easy to see that if for a function fe C,,,,, we have

v N r N 1 1
”U”m(ﬁ * }) st )’)H -7 (m + 1 + n -+ l>

with certain fixed 7y, 0>0, then necessarily f=constant (cf. the
corresponding one-dimensional result in [11, p. 122]). In other words,
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the operator ¢;°(f) is saturable with the saruration  order
{1/(m+ 1)+ 1/(n+ 1)}. The collection of functions

1 t
//T = . C"\ I 0 ~ X, V)= ‘ X 0 = (("
{/E 2nx2n H(Inm(.f v 1) I(Y } )H <’n+ 1 +n+ ]>}

is called the saruration class of ¢ (f). Now, we can easily show that

mat.

feC,, .-, Is a saturation function if and only if

o (JTO0)=(0) and (. 8)=((5). (5.1)

In fact, if f € #, then letting n — o, by Lemma 4 we get for every y,

1
v LX)—g (0 =(
los(g, . x)—g.(x)| <m+ 1>

and “¢” is independent of y. From Alexits’ theorem, the first inequality in
(5.1) follows. The second one can be obtained analogously.

Conversely, assume (5.1) holds. Then thanks to relation (4.7), Alexits’
theorem, and the continuity of the operator ¢2(4), we can conclude
eventually that fe #.

In a similar manner, we can verify that the operators ¢7%(f''")) and
aid (f1) are also saturable with the saturation order {1/(m+1)+

1/(n+ 1)}. Denote by # "% and # ! the corresponding saturation classes.
Then fe.# " if and only if

w(f.6)=C(3) and o (f'"", 3)=C(5), (5.2)

while fe.Z """ if and only if

o (JO, 8)=¢(3) and w ([, 0)=C(3). (5.3)

6. PrROOFS OF THEOREMS -5

In each case, the key formula i1s (4.6) in Lemma 3.

Proof of Theorem 1. Since w, (f, 8)= ¢(5%), we have

JX fx+u, )+ f(x—u, y)=2f(x, 3)
-3 du
Lim+1)

o ¢(u%)
:cr,r(1)d["w+” 5 du

=0((m+1) %) if O<a<l,
= C(log(m+2)) if a=1. (6.1)
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Similarly, o, (f,8)=0(5*) and

r‘ fx, y+o)+f(x, y—v)=2f(x, ) "
n+1)

1)2

=0((n+1)'%) if 0<pB<l,
= (O(log(n +2)) if f=1; (6.2)

and

el o du d
J; fl/( +l)u_lzl;‘lzi[f(x+u,y+v)+f(x—u,y+v)—2f(x’y+v)]

J(m+1)

=(9(1)j" oWt b (7 @

F) 2
Vim+1) U Yin+1) U

=0((n+ D(m+1) %) if 0<a<l,
—O((n+1)log(m+2)) if a=1: (6.3)

and two more similar estimates.
Combining (4.6) and (6.1)-(6.3) yields (2.6).

Proof of Theorem 2. This time we make use of Lemma 6 together with
Lemma 3 (the latter applied to 7"*’). Analogously to (6.1), by (4.15) we
have

du

2

jx j‘(l.O)(x_i_u’ y) +7(1.0)(x_u, y)_2](l.0)(x, ,V)
1m+1) u

=0((m+1)' %) if 0<a<l,

= O(log(m +2)) if a=1. (6.4)
By (4.16),
r 700 y40) 47 y =) =27 % y)
l/(n+1) Uz
7 B
=(9(1)f G log 1/v) 4,
/n+1) v
=0((n+1)"Plogn+2)) if 0<f<l1,
= ([log(n +2)1%) it p=1; (6.5)

and three more similar estimates.
Collecting (4.6), (4.15), (4.16), (6.4), and (6.5) provides (3.1).

Proof of Theorem 3. Tt is essentially a repetition of that of Theorem 2,
with the exception that this time we apply Lemma 3 to /"' and use (4.17)
and its symmetric counterpart instead of (4.15) and (4.16).

640/49/4-5
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Proof of Theorem 4. For 0 <a <1 and 0< <1, estimates (3.1) and
(3.3) coincide. Thus, we have to prove (3.3) in the case where x=1 and
0<pB<1. To this goal, we will apply Lemma 3 to /"' while taking
Lemma 2 into account.

To go into details, by assumption g (x)eLip t for every y, where
g.(x)= f(x, y). Therefore, by (4.2) '

Y J TUO0 - u, p) #7000 —u, ) =270y, Ly
2
Iitm+1)

nim+1) u

Ca(mA4 D) ) u

[ gv<x+u)+g}.(;—u>—2g(x>du+6( ! ) 66)
m+1

where “¢” is independent of x and y. Estimate (6.6) clearly remains true if »
is replaced in turn by y+v and y —v.
Due to (4.16), a simple computation gives

L NSRS LTS T
- v
T[(n+1) Lin+ 1) v
) n C(v" log 1/v)
= —_— " dv
7t(n+1)£x(n+n [ '
(log(n+2) .
:C((W) if 0</j<1,
2 2
- (M) it =1, (6.7)
n+1

where “(¢” is independent of x and y.
Finally, we apply Lemma 3 to 7%, Then by (4.6), (6.6) (with 1, v +r,
and y—v), {6.7), (4.15), and (4.16) we get

oo (70 x, ) =70 (x, )

40 . dv 1
= J S| —
an+ 1)y 0° m+ 1

log(n +2) .
{ ('<(n+1)/* if 0<pB<t1
+C0| —— )+ 5
m+1 [ log(r+2)]" .
| ————— if =1
n+1

1 log(n+2)>
o
+ <m+1+ 1)
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log(n +2) )
:@< 1>+ [log(n +2)]? :
m (9<—g——> it p=1
n+1

where the “¢” are independent of x and y. This proves (3.3) in the case
a=1and 0< <.

Proof of Theorem 5. For 0 <a, f<1 estimates (3.2) and (3.4) coincide.
Also we have to prove (3.4) in the case where max(a, f) = 1. For example,
let x=1and 0< <1

We introduce an auxiliary function G, defined by

« FLo) (1.0)( . _ N F(1L,0)
G(x =] T +u p)+7 (x4 7) L AE I
' u (6.8)

By assumption feLip(1, ), and thus g.(x)=f(x, y)eLip | for every y.
Applying Lemma 2 to g, results in the crucial estimate

G(x,y)=0(1) as t—> 40, (6.9)

where “¢” is uniform in x and y.
We will consider the conjugate function to G, with respect to y:

~ 1 = 1 1
GOM(x, y)= - fo [G(x, y+0)—G,(x, y—1)] 3 cot ok dv.

On the one hand, keeping (6.8) in mind, G'®" can be estimated in the
following way. Let e=1/f and decompose the integral |7={{+ [% with
respect to v:

G, )

) ALT"Ox+u, y+0) =T +u, y— )]
+ (7" —u, y+0) =T Nx —u, y— )]
—2[79 0, y+0) =7, y—v)]}
——I&f:%cot%vdle Z,—Z
x {[7OOx4u, p+0) +FOx —u, p+0) =271, y+v)]
— [T +u y— o) + T x =, y—0) = 27O x, y—0)]}
=J,+J,, say. (6.10)
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4 o dv 1\ (< d
I, =—j —%(Mlog—)j o
T U v . u-

L i
=—J 1 (v"‘ log —) dv
tJo v
1 1 1
:7@ t“ﬂlog—t— =0 log? as t— +0. (6.11)

To estimate J,, the decisive fact is that the inner integral is (1) due to
Lemma 2. So

|/l <= —
Tip U

2 v d 1
| U(O(l)=60(log7> as 1 +0. (6.12)

To sum up, (6.11) and (6.12) yield
~ 1
GO x, y)=0 <log?> as (- +0, (6.13)

where the “¢” are independent of x and y.
On the other hand, by Fubini’s theorem (cf. (6.6))

G(x, y)

= d L 11
ZJ —Z(‘ ‘J [FOO% +u, y+0) =7 +u, y—v)] = cot = vdv
i TJo 2 2

1 ¢n 1 1
! (L0 v .0 o, _FU0 v oy )T = Z
njo [FOO%—u, y+0)—T"% —u, y—1)] 2cotzvah;
2 1 1
+‘J [FOO0, y+0)—F1%, y—v)] s cot = v dv
T Y0 2 2
= (L) (L) y y—2 (1,1
- T +u, p)+ (u); uy) =2/ (x ) (6.14)
Combining (6.13) and (6.14) results in
Y o U tu p)+ 7 e —u, y) =27 (x, p)
1 ; "
w(m+ 1) yme u
- y "'((),1) — log(m+2)
n(m+1)G1/(m+1)(x’ y) (9( m+1 2 (615)

where “0” is independent of x and y.



APPROXIMATION TO CONTINUOUS FUNCTIONS 373

Similarly, in case f =1 we have

5 r‘ 7“"’(x,y+v)+f“‘“(x,y—v)—27“’”(x,y)d
v
an+ Do) :

v
=@<Iog(n+2)>’ (6.16)

n+1

while in case 0 < <1 we have (making use of the symmetric counterpart
of (4.17))

o f‘ .7“"’(x,y+v)+7“"’(x,y—v)—Zf“"’(x,y)dv
m(n+ 1) e v?
o(l) = , log(n +2)
< O 21 =0 ——], 17
I’l+1£/(}1+|) v og v) dv ( (n+1)* (6.17)

where “@” is independent of x and y.

Now we apply Lemma 3 to £V, On account of (4.6), (6.15)-(6.17)
(clearly, (6.15) holds true if y is replaced in turn by y + v and y —v), (4.17),
and its symmetric counterpart, we can conclude that

630,70, x, 1) =T, )
45 fi @(g <10_g(r_r_l+_2)>+(9<w>

Can4 D) s 02 m+1 m+1
(log(n+2) log(m+2) log(n+2)
o 6\ T4 0

+C<(n+])”>+0< mrl | (1)

. (log(m+2) log(n+2)

- m+ 1 (n+1)% )

where the “@” are uniform in x and y. This proves (3.4) in the case where
e=1and O<f<L

The proof in the case 0 <2 <1 and f=1 is similar and therefore we omit
it.

7. PROOFS OF THEOREMS 68

As before, we set g (x)=f(x, y). Then
£.(x)=7"x, y)

and

£.(x)=T"0x, )= —f(x, ») +1(0, y). (7.1)
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Proof of Theorem 6. 1If (3.5)(1) holds, then letting n —» = via Lemma 4.
we get for every fixed y

N 1
0,8 X)—g (x)=0 <(m+ 1)x>. (7.2)

If « =1, this implies that g (x)=constant depending on y, since 1/(m+ 1)
is the saturation order. This is a contradiction.
Now we deal with the case 0 <x < 1. From (7.2) it follows that

L 1
E"'(g")—0<(_rlq—+—l)’>’

which implies in turn by (g)

and by (a),
o (&,,d)=0(5).

According to (7.1), the latter inequality is equivalent to
w(f, 0)=0(6")

which is impossible in general.
Second, assume that (3.5)(i1) holds. Letting m — oc via Lemma 4, we get
for every fixed x

O’?;(hx, y) — /’lv(y) =0 <10g(l’l + 2))3

(n+1)F

where this time we set & (y) = 7"°(x, y) with f e Lip(a, f), 0 < < 1, from

Lemma 8. This yields
log(n + 2))
Eh)=0o|l =~
n( \') 0( (n+1)/j [l

whence by (g)
w.(h,d)=o0 <5’} log %)
which is equivalent to
o (f" 8)=0 (5/’ log %)

The latter estimate cannot hold owing to Lemma 8.
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Third, assume that (3.5)(iii) holds. Letting again m — oo, via Lemma 4
we get for every fixed x,

_ 1 )7?
otthe )=y =o (FEEDL) (13)
n+1
with another 4 (y)=f"%(x, y), where feLip(l, 1) will be defined later
on. We apply Lemma 1toh.eC,, and 6>0. By (4.1),
anthe, ¥)—h(y)
_ 5 r h(y+v)+h (y—v)—2hx(y)d
> v
n+1 in+1) v
whence, on account of (7.3), we get that
0 r‘ JT(]’O)(-’C: y+v) +f“'0)(x, y—v) _27“’0)(X, y) dv
an+ 1) vm+e v?
1 [log(rn+2)]?
0 A fIO )= —=— 2, 4
“(“’2'-‘(7 ’n+1>> 0( nt 1 (74)
By (4.11), we have
10y _o log(rn+2) ‘
‘n+1 n+1
Combining this inequality with (7.4) yields
n](l.O)(x’ +U (lO)(x —b (10) X y)
T )= y40)+ 700 y—0) =2 o
t v
, 1
=o| log n as t— +0. (7.5)

On the other hand, consider the function f € C,,_, ,, defined by
f(x, y)=min(x, p,t—x,n—y) if 0<x, y<m,
=0 if —7<x<0, —n<y<nor
O0<x<m ~n<y<0.

It is obvious that fe Lip(1, 1). Setting x =0, by definition,

[ = 1 1
(1.0) _ 1 r 1
FA0, y)= n'[of(u, y)zcotzudu.
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Setting also y =0,
7(1 0)

= | dv

AU R
:—J ( 5 Ecotzudvdu,

whence

w2 en2dydu n)?
J,(0,0)>C5£ j L ,S[mgﬂ (76)

v u

with a constant C,> 0. Clearly, (7.5) and (7.6) contradict each other.

Proof of Theorem 7. Assume that (3.6) holds with the /e Lip(«, 1) from
the symmetric counterpart of Lemma 8, 1e., for which (4.28) is not
satisfied. Set ¢,(x)=7"""(x, y) for every fixed y. Then by letting n - o in
(3.6), due to Lemma 4, we get that

1= (2242)
@0 X) =0, m+ 1)y )
Hence obviously
_ [log(m+2)
Em((p_\')_o( (m+1)1 >

and, by the second Stechkin inequality,
. . 1
w2,.\‘(_7“.| )9 a) = wZ((PJ‘? O) =0 (51 lOg 5)
Since
/\_/
@,(x)=F " (x, )0 = —FONx, p)+TOD0, ¥)
(cf. (7.1)), we can conclude, using (a), that

1
2 (O, 8) = w,(,, )-0((5“]0g5).

But the inequality just obtained cannot hold according to the symmetric
counterpart of Lemma 8.

Proof of Theorem 8. We set f(x, y)= g(x), where ge C,, is defined by
the condition that

~ T .
8(x)=|x| —3 if —n<x<m,
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ie., g= — g (if we require in addition that g(0)=0). Clearly g e Z(1), so by
(b) (with e=0) we also have ge Z(1), and thus fe Z(1, 1).
Now if (3.7) holds, then letting n» — oo, via Lemma 4 we get that

log(m + 2))

o2 %) g =0 (2B

Putting x =0, and using Lemma 2,

7,8, 0) —£(0)
7 j é’(u)+,§?(—2u)—24g7(0)du+(9(w2 (g 1 ))
1

:n(m+1) Jm+1) u “m+1
Y n 2u 1
=l —du+0
ﬂ(m+1)fl/(m+l)uz “ <m+1>
o

log n(m + 1)+(9<—1—).
m

/
n(m+1) +1

This contradicts (7.7) and the proof of Theorem 8 is complete.
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